Non-invasive thermal noise calibration of both torsional and flexural eigenmodes is performed on numerous cantilevers of 10 different types. We show that for all tipless and short-tipped cantilevers, the ratio of torsional to flexural mode stiffness is given by a constant, times the ratio of their resonant frequencies. By determining this constant we enable a calibration of the torsional eigenmode, starting from a calibration of the flexural eigenmode. Our results are well motivated from beam theory and we verify them with finite element simulation.
I. INTRODUCTION
Calibration is central to the development of quantitative surface analysis with the Atomic Force Microscope (AFM). Both force and displacement are extracted from the same AFM detector signal, so the calibration is actually two-fold: the detector output voltage must be converted to tip deflection in nanometers, and this deflection must be related to the force on the tip in newtons. A method has emerged in the last decade which achieves both of these calibrations from one measurement of the thermal equilibrium Brownian motion of the cantilever near its lowest flexural resonance 1,2 . Here we apply this method to both the flexural and the torsional mode. A simplified method of extracting the torsional calibration from the flexural calibration is found for tipless cantilevers. We validate our simplified method with finite element modeling.
Previous work on torsional calibration [3] [4] [5] [6] has focused on determining the stiffness constant κ stat relating a static torque to static angular twist about the major axis of the cantilever. This static stiffness constant is sufficient if one is only interested in measuring lateral tip-surface force in static equilibrium. However, the currently popular calibration methods are actually rooted in a determination of the dynamic stiffness of a particular vibration eigenmode of the cantilever. Dynamic and static stiffness are not the same, and to determine the latter from the former, one must perform finite element simulation of the particular beam geometry in question. In this work we focus on calibration for dynamic measurement of frictional force 7 where static stiffness is irrelevant and the mode stiffness is one of three necessary calibration constants.
The calibration constants specify a transduction of force on the AFM tip, originating at the 10 nanometer scale, to a deformation of a cantilever at the 10 micrometer scale. The transition from nanometer to micrometer scale relies on a model for the continuum mechanics of the cantilever in terms of its normal modes of vibration. Each mode corresponds to a resonance modeled by a damped harmonic oscillator (DHO) with a linear response functionχ(ω) that relates the frequency components of the tip deflectiond(ω) to those of the forceF TS (ω) acting on the tip,d
(ω) =χ(ω)F TS (ω).
(
The DHO linear response function
is specified with three constants: the mode stiffness k, resonant frequency ω 0 and quality factor Q; or equivalently the stiffness, effective mass m = k/ω 2 0 and the damping coefficient η = √ km/Q, the latter being the dissipative force constant of our linear model. Thus, calibration involves the determination of these three constants of the DHO model. This reduction to a simple DHO model loses accuracy when the responsed(ω) is spread over a frequency band much wider than one resonance, or when significant components ofd(ω) occur near another resonance. In these cases a more accurate response function could be modeled with a superposition of additional eigenmodes, each with its ownχ(ω) and three calibration constants. Thus, quantitative AFM is greatly simplified when weak tipsurface forces perturb high-Q resonance, such that all motion is well-confined to only one mode.
Sader et al. proposed a method for calibrating the stiffness of the fundamental (lowest frequency) flexural eigenmode using knowledge of its hydrodynamic damping in a fluid of arbitrary density and viscosity 8, 9 . The method was generalized to thin cantilevers of arbitrary plane view, where a simplifying approximation to the hydrodynamic function required only one 'Sader constant', unique to that geometry 10 . Recently a web-based global calibration initiative 2 was launched with the aim of using big-data to more accurately determine the hydrodynamic function (Sader constant) for numerous cantilevers. The Sader method gives the dynamic mode stiffness k, using the quality factor Q and resonant frequency ω 0 as inputs.
Q and ω 0 are determined by measuring the total noise power at the output of the detector and fitting a theoretical expression consisting of two independent noise sources,
where S det is a frequency-independent background detector noise, α 
If one also fits the magnitude of S cant , the measured temperature together with the value of k given by the Sader method allow for a determination of α.
1 Thus, a full calibration is achieved in a frequency band near resonance, from one simple noise measurement. This is highly advantageous as it does not destroy the sharp tip by pushing on a hard surface, as needed to calibrate α against the AFM scanner. The calibration of both force and deflection are then traceable to one experimental procedure which is easily performed on any cantilever and completely independent of the scanner calibration.
II. TORSIONAL CALIBRATION
The Sader method has been widely applied to the lowest flexural eigenmode but less so to the torsional mode. The theory of the method was generalized to torsional eigenmodes, 6,11 but its application is complicated by difficulties in measuring the thermal fluctuations near torsional resonance, especially for stiff beams 12 . On resonance the flexural motion noise α 2 S cant can be a factor of 100 or more greater than the detector noise S det (see fig. 1a ). For the same cantilever and detector, torsional noise is significantly lower in relation to detector noise (see fig. 1b ). With stiffer levers the torsional noise often falls below the detector noise, making accurate measurement of the torsional quality factor rather difficult (see fig. 1d ).
Here we propose an alternative to the torsional Sader method which does not rely on measurement of torsional fluctuations. The idea is to bootstrap from a non-invasive calibration of the lowest flexural mode, and extract the torsional mode stiffness using only the torsional resonant frequency as input. We are motivated by beam theory 11, 13 which shows that all material constants fall away when considering the ratio of flexural and torsional eigenfrequencies. Assuming only a uniform long, thin beam, we arrive at an expression for the torsional stiffness κ t [N m/rad] in terms of the flexural stiffness k f [N/m] which depends only on the ratio of resonant frequencies and the width of the beam b (see Appendix).
Here the eigenfrequencies are vacuum values, without the added mass-loading of a surrounding fluid, and the subscripts t and f refer to torsional and flexural respectively. Taking into account the hydrodynamic load and damping when the beam is moving in a viscous fluid, theory gives (see Appendix and Refs. 6, 12 ),
The correction factor
depends on ratios of quality factors Q t(f) and hydrodynamic functions Γ t(f) (Re t(f) ) of the torsional and flexural modes. The latter are functions of the Reynolds numbers 8, 12 ,
where ρ and µ are the density and viscosity of the ambient fluid.
Below we present experiments in room temperature air. Our analysis shows that for tipless and short-tipped cantilevers, the correction factor C is independent of the ratio of Reynolds numbers,
and only slightly below its ideal vacuum value C = 1 6 . This observation indicates that either with or without fluid, the essential dimensionless parameter for determining the ratio of beam stiffnesses is simply ω. However, for cantilevers with longer tips we find that C is further suppressed below its ideal vacuum value. Nevertheless, knowing C for a particular AFM probe allows for determining κ t from a flexural calibration and a measurement of the torsional resonant frequency. The latter can be easily measured by a driven frequency sweep, without measuring torsional thermal fluctuations. However, the method would still require an independent measurement of the detector constant α t for complete calibration.
III. RESULTS & DISCUSSION
Noise measurements are made on 10 standard cantilevers of different types, as specified in table I. We measure many cantilevers of each type using two different AFMs having optical beam-deflection detectors (JPK NanoWizard 3 and Bruker Dimension Icon). Figure 1 shows examples of noise measurements on two different cantilevers, and the result of fitting eqs. (3) and (4) to the data. From this fitting for each cantilever we extract ω 0 and Q for the lowest flexural and torsional eigenmode. A worst-case fit is shown in fig. 1d for the stiffest cantilever No.9, where one can clearly see that the fit to determine Q t is less reliable than that for Q f .
In fig. 2 we plot for each beam, the ratio Q t /Q f vs. ω. With the fitted value of ω 0t(f) , b given in table I, the density ρ = 1.18 kg/m 3 and dynamic viscosity µ = 1.86 · 10 −5 kg/(ms) of air, we calculate the flexural and torsional Reynolds number for each beam. With the Reynolds numbers we use the theoretical expressions in Sader et al. 8 and Green et al. 12 to calculate the ratio of the torsional and flexural hydrodynamic functions, plotted in fig. 2b . It is interesting to note that this quantity falls on a smooth curve when plotted vs. ω, for cantilevers spanning a factor of two in b and a factor of 30 fig. 2 , where the cantilever type is distinguished using colored symbols.
ω 0f . We fit this smooth curve to a polynomial of degree 2 to find the coefficients given in fig. 2b . Using the ratios of quality factors and hydrodynamic functions, we use eq. 7 to plot the correction factor C, shown in fig. 2c . The dashed line shows the ideal vacuum value C = 1 6 . The three tipless cantilevers (No. 1-3, red data points), and the ORC cantilevers with short tips (No. 4-6, blue data points), all fall slightly below this vacuum value. The scatter in the data at small ω comes from stiff beams where Q t is difficult to determine, as discussed above. At larger ω the scatter is considerably less, and over the full range of ω studied a least square fit of C for cantilevers No. 1-6 gives C = 0.15 ± 0.01. Another source of error is the uncertainty in the width b.
For the beams with larger tips, we see that C is further suppressed. This observation can be explained by fluid flow being affected by the tip, a pyramid of height h tip normal to the beam width. For flexural motion the tip is in the 'shadow' of the beam and flow is minimally perturbed. Such is not the case for torsional motion where the protruding tip can significantly affect the flow. Our analysis indicates that the torsional Sader method can not be trusted for beams with tall tips. Nevertheless, if the location and shape of the tip is reproducible in the cantilever manufacturing process, one could imagine a torsional Sader method with an experimentally determined value of C.
We note that our analysis to arrive at C does not rely on any knowledge of the detector constants α t and α f . These can be determined from the magnitude of the thermal fluctuation, or geometric methods with controlled tilting of the AFM head 14 .
IV. FINITE ELEMENT MODELING
Equation 5 applies to a tipless cantilever with length L much greater than width b, which is not the case for all of our beams. To understand how our results might be influenced by the plane-view aspect ratio L/b, we perform finite element modeling (FEM) on cantilevers No. 1-3 using COMSOL. We model beams with L and b given in Table I using tabulated values for the bulk modulus E = 170 GPa, density ρ c = 2329 kg/m 3 and Poisson ratio ν = 0.28. We begin with an eigenmode analysis to find the 6 lowest eigenmodes, including flexural, torsional and lateral modes, where the latter is side-ways bending of the beam in the plane defined by L and b. The beam thickness is then adjusted such that the lowest flexural eigenfrequency is very close to the nominal value given in Table I .
We determine the static stiffnesses by applying a known static force (torque) to the free end, to find the slope of the deflection vs. force (torque) curve. The dynamic stiffness is found by applying a known periodic drive plus a weak viscous damping force (torque) to the free end, while sweeping the drive frequency through the eigenfrequency of interest. We then fit the simulated high Q response curve to eq. (2) to determine k (κ). Having thus determined the mode stiffnesses and resonant frequencies, we calculate the correction factor C. Table II tabulates the relevant results.
The correction factor of the shortest beam is quite close to the ideal beam theory C = 0.166..., whereas the longest beam deviates substantially and the intermediate beam is quite far off. This is a curious result as we would expect that beam theory is approached in the limit L
b. An explanation for this discrepancy is found Beam theory agrees very well with FEM simulation over the range of L/b studied, with slight deviation in the torsion mode at lower L/b. For the shortest cantilever No. 3 we see that the lateral mode is very stiff, with much higher frequency than the torsional or flexural. For the longest cantilever No. 1 the lateral mode becomes softer than the torsional mode, and the intermediate cantilever No. 2 is very close to a crossing of the torsional and lateral modes. When the modes become close in frequency, any small deviation from ideal geometry, for example the addition of a tip, will result in mode coupling.
Indeed, we frequently observe two modes when calibrating non-ideal beams of intermediate L/b and it can be difficult to determine which of the two is the torsional mode. Torsional AFM is difficult with the longest beams because tip-surface forces can easily excite the lateral mode. Long beams also have low flexural stiffness, making it difficult to regulate the load force without jumpto-contact instabilities. Thus, stiff, short beams are preferred for dynamic friction measurements, in spite of difficulties in measuring torsional fluctuations.
V. CONCLUSIONS
We measured thermal fluctuations near flexural and torsional resonances on a wide variety of cantilevers in room temperature air. We applied the hydrodynamic method of Sader et al. and Green et al. to extract the flexural and torsional mode stiffnesses. Taking the ratio of torsional to flexural stiffness we found that eq. (6) holds for tipless and short-tipped beams, with a leastsquare fit value C = 0.15 ± 0.01. Using eq.(6) to calculate κ t we avoid the uncertainty of an inaccurate model of the torsional damping. One interpretation of this approach is that the flexural calibration is used to determine the beam properties (material parameters and thickness), and beam theory gives torsional stiffness. Equation (6) is therefore a more powerful approach than many competing methods in the sense that it does not rely on either exact material values or an accurate damping model. For shorter, stiffer beams where torsional noise is difficult to measure, torsional stiffness can be found from noise calibration of the flexural mode, together with the torsional resonance frequency found from a driven frequency sweep. We used FEM to show that eq.(6) holds for these short, stiff beams. Such beams are well-suited for dynamic friction measurements because the torsional mode is well separated from the lateral mode.
